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AbItnd-The isothermal response of a viscoelastic cylindrical shell. of finite lencth, to arbitary axisym­
metric surface forces, initial conditions. and boundary conditions is considered within the linear theory of
thin shells. The problem is formulated with the elects of shear deformation and rotatory inertia included;
the viscoelastic properties are assumed to be isotropic and homogeneous. The response is first found
formally in terms of a causal Green's function. It is then shown that when Poisson's ratio is constant. the
causal Green's function can be expanded in a series of orthonormal spatial eigenfunctions of an associated
elastic shell eigenvalue problem. The resulting solution for the general problem is an eigenfunction series
with Laplace transformed time-dependent coelllcients. The Jenera! solution is applied to predicting the
motion of a uniform, simply-supported cylindrical shell. initially quiescent. which is subjected to a step
pressure moving with constant velocity. For this example, the relaxation function of the sheU material in
uniaxial extension is taken to be that of a standard linear solid. The motions predicted by simpler shell
models, namely, sheUs with bendilll only and without bendina. are also considerecl for comparison. Here.
the absolute values of the Fourier coelllcients in the shell displacement series 10 to zero faster tban the
inverse of the first or second power of positive inteaers when bending is excluded or included. respectively.
Numerical results are presented for a moderately 10111 and relalively thick. nearly elastic, cylindrical sheD.

NOTATION
o l'Idius of shell middle surface

OJ.- complex roots of p.
A. B. C. D constants

Cp plate velocity, Cp • I(~)V\,(1-,,)
C(t). D(t) auxiiary relaxation functions defined by eqn (9)

ell strain tensor
E(t) relaxation function in uniaxial extension

Eo E(O)
E. Iim.E(t)

I-

I dimensionless wave number
G(t) relaxation function in simple shear

Gt COMponeJlts of causal Green's function
(;/ components of adjoint Green's function

h sheU wall thickness
H(..) Heaviside step function

/( shear correction factor
K constant
I dimensionless sheB length, J.. Lla

L shell leqth
4 intqro-ditferential operator components
Lf formal adjoint of Lq

m(x. t) external couple per unit area acting about shell middle surface
M.(x., t) resultant moment per unit Ienath
N.(x., t) axial stress resultant per unit length
N.(x., t) circumferential stress resultant per unit lenath

p(x. I) axial pressure on shell middle surface due to external load
p. cubic polynoQlia! in $

q(x. t) radial pressure on shell midsurface due to external load
qo pressure intensity

$ Laplace transform parameter
t time

tI standard linear solid time constant
T large positive value of time
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U(x, I) axial displacement of shell middle surface
Uj displacement vector components defined by eqn (15)
v velocity of moving step pressure
V dimensionless velocity of step pressure, V =vic.

V.(x, tl transverse shear stress resultant per unit length
V dimensionless phase velocity

Vo dimensionless bar velocity, Vo=v(I- III
V'IIin dimensionless minimum phase velocity

V" dimensionless plate velocity, lip = I
V. dimensionless modified shear velocity, V." 'Y

w(x, I) radial displacement of shell middle surface
Wi displacement vector components
x axial coordinate of shell
a IIlaV(l2)
'Y V(~,,(I- 1'))

8(..) Dirac delta function
8il Kronecker delta
Il Laplace transform operator, Ill/(/»)."let) e-st dt

A, p. Lame constants
A(t), ,,(I) relaxation functions, anaIOllOUS to A and "

I' Poisson's ratio
v(t) viscoelastic Poisson's ratio

f dimensionless axial sbeU coordinate, fa xla
p mass density

l1'ij stress tensor components
f' nondimensional time, f''' Ie",a

-',. components of 1It11 ortItonormal eiaenfullCtion
~(x, t) rotation anale of line initWIIy normal to shell middle surface

/II separation constant, cin:ular frequency
n lila v(p(1 - ,,1», dimelISioIIIeu circular frequency

Indices i, i, k, r, S .. 1, 2, 3.

A bar over a symbol denotes its Laplace traasform. Repeated indices indiea&e slHllJllation, except as noted. Prime denotes
dUferentiation with respect to araument.

I. INTRODUCTION

The motion of uniform linearly elastic sheDs bas been extensively studied; a recent example for
a shell of finite lenath£t] that included the effects of sbear deformation and rotatory inertia
provided a solution, in the form of the sum of an eipnfunction series and a so-called quasistatic
solution that is applicable to a wide class of excitations and responses, Extensions of such
results to incorporate viscoelastic material behavior can be accomplished in some cases by the
use of the elastic-viscoelastic correspondel1l:O principle [2]. However, when the available
elastodynamic solution involves an eigenfunction expansion, such as for the cylindrical sheD, it
is not at all obvious how this analogy should be applied. In such cases, it is usful to construct
the entire viscoelastic solution without relying directly upon the elastic results.

The forced axisymmetric motion of finite length viscoelastic cyHndrical shells has been
studied in [3]. It is shown there that if Poisson's ratio is constant, then a solution can be
constructed from the results of three associated analyses involvilll a quui-static viscoelastic
shell problem, an elastic shell eigenvalue problem and a system of ordinary differential
equations. The reasons for assuming a constant Poisson's ratio are here reexamined. With this
assumption, the solution for the viscoelastic shell can be obtained entirely in terms of the
eigenfunctions of the associated elastic shell eigenvalue problem. This circumvents the separate
solution of the quasi-static case which, in some instances, is of the same order of ditllculty as
the original problem. Such a circumstance arises, for example, in determiDina the response of a
viscoelastic cylindrical shell to a moving axisymmetric pressure pulse which is treated as an
application of the derived general results.

The governing relations for a finite length viscoelastic cylindrical sheD subject to axisym­
metric disturbances are formulated in Section 2. The sheD equations inclucle shear deformation
and rotatory inertia; it is assumed that the response is isotbermal and that tbe viscoelastic
properties, represented in integral form, are isotropic and homogeneous. The solution to the
general problem. developed in Section 3, utilizes the method presented in [4] for determining
the dynamic response of bounded, three-dimensional viscoelastic bodies; it is first constructed
formally in terms of a causal Green's function with the aid of a suitable form of Green's
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(1)

theorem. The task is therby reduced to finding the causal Green's function which, in the present
case, constitutes a problem in free vibration. With the assumption of a constant Poisson's ratio,
the method of separation of variables leads in a natural way to a causal Green's function
expanded in terms of the spatial eigenfunctions associated with an elastic shell. An eigen­
function series solution having Laplace transformed time-dependent coefficients is then ob­
tained for the general shell problem.

In Section 4, the results derived in Section 3 are applied to a viscoelastic cylindrical shell
subject to an axisymmetric step pressure travelling with constant velocity. For illustrative
purposes, the shell material is assumed to correspond to a nearly elastic standard linear solid.
Solutions to the problem given by simpler shell models, that is, shells exhibiting only bending
(Love's first approximation) and no bending (membrane theory) are also treated. The con­
vergence of the displacement series is examined for all three shell models. Numerical results
are then pr~sented which illustrate the character of the shell motion over a wide range of load
speeds and the degree of adequacy of the simpler shell models.

2. STATEMENT OF THE GENERAL PROBLEM

The equations of motion for a finite length viscoelastic cylindrical shell subject to axisym­
metric disturbances are presented with the effects of transverse shear deformation and rotatory
inertia included to allow for the possibility of the generation of a high frequency response
component. The dispersion curves of elastic cylindrical shells incorporating these factors have
been found to be in good correspondence with those from an exact three-dimensional model of
a hollow elastic cylinder(5); in particular, the close agreement at the higher frequencies is a
direct result of this inclusion. A model which gives a good description of the behavior of elastic
cylindrical shells was constructed by Hermann and Mirsky[S) and by Naghdi and Cooper(6)
(see also (7)) using somewhat different procedures. The viscoelastic shell equations can also be
derived by arguments that parallel either of these elastic derivations; in this study the
variational approach used in (6) and (7) will be employed.

With referenc~ to Fig. I, the dynamic shell equations are obtained by intqrating the
three-dimensional stress equations of motion across the thickness of the sheD after substituting
an assumed approximate displacement field. This yields

aN", a2u ph) a21/1
-==ph-+--.....+p
ax at~ 12a at~ ,

aV", N, ph a2w
---:: -:::I'+ q,
ax a at

aM", ph) (a
2

1/1 1 a
2u)

-- V",==- -::J+--::Y +m.
ax 12 at a at

The elastic shell stress-displacement relations based on the usual homogeneous, isotropic
stress-strain relations were deduced in (6) by means of a variational theorem in elastostatics due
to Reissner (8) using the same approximate displacement field referred to above in conjunction
with a consistent stress field.

For a homogeneous and isotropic linearly viscoelastic material, initially quiescent and stress
free, the isothermal constitutive equations are

it atti:(or) it ael/(or)
O'I/(t) == 8ij A(t - or)--dor + 2 p,(t - or) " dor,

0- aT 0- uT
(2)

where A(t) and p,(t) are relaxation functions analogous to the Lame constants in linear
elasticity. The corresponding shell stress-displacement relations can be obtained by a
generalization of Reissner's variational theorem as developed by Gurtin (9). An alternate
approach (2), followed here, is based on the identical structure of the Laplace transformed
equations of a quasi-static viscoelastic boundary value problem, and the equations Q.f an
elastostatic boundary problem, if the usual requirements of the elastic-viscoelastic analogy are
observed. Reissner's elastostatic variational theorem can then be reinterpreted as a quasi-static
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Fia. 1. Schematic view of slleD with sip convention.

viscoelastic one involviq Laplace transformed field variables. The Euler equations and natural
boundary conditions derived from this theorem can thus be reprded as Laplace transformed
viscoelastic Euler equations and natura1 boundary conditions.

If the derivation in (6) is so interpreted, then the desired viscoelastic sbeD stress-displace­
ment relations follow immediately, since it is only necessary to replace the elastic field variables
by their Laplace transforms, and YOUIll'S modulus E and Poisson's ratio" by sE(s) and si(s),
respectively, where s is the transform parameter and the superior bar denotes the transform.
The ~sformed Young's modulus and Poisson's ratio are defined as

E
-_p,(3A+2p,) d -_ A- _ ,an 11- _ •

A+p, 2s(A+p,)
(3)

It also follows from the viscoelastic r~interpretation of the derivation in [6] that the natural
boundary coftClition for a viscoelastic shell are the same as those for an elastic: sbell, that is,
either the shell streB resultants or the shell displacements must be prescribed at tile ecIps. In
summary, the stress-displacement relations for a viscoelastic shell are:

N sEll (au siw h
2
a~)

" = 1- S2 p2 ax +--;;-+12a ax '

- sEh (Hi ail)
N.=~ -+sP-,

I-sl1 a ax
(4)

- - (aw -)v" =SKOIa h+ '" ,

and the boundary conditions are

u(x, t) or N,,(x, t),
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w(x, t) or V.. (x, I),

t/!(x, I) or M.. (x, I).

881

(5)

that must be prescribed on the shell edges of constant x. Above, K is the shear correction factor
which assumes the value 5/6 when the variational derivation is followed, and Gequals ji., the
transformed relaxation function in simple shear. It should be noted that terms of order equal to
or higher than h2/a 2 have been neglected in (4).

The boundary value problem of an axisymmetrically excited, viscoelastic cylindrical sbell of
length L occupying the region 0 s x s L can now be formulated. A solution for I > 0 is sougbt
which satisfies the following governing equations and conditions in the specified domains:

Equations of motion: eqns (1), for 0 < x < L, I> 0;
Stress-displacement relations: eqns (4), for 0 < x < L;
Initial conditions, for 0 < x < L:

u(x, 0) =uo(x),

au (x, 0) = uo(x),
al

W(x, 0) =wo(x), t/!(x,O) =t/!o(x);

aw at/!.
- (x, 0) = wo(x), - (x, 0) = ~(x).
al al

(6)

Boundary conditions (5) must be given at x =0 and x =L, for I > O.
It will be assumed henceforth that N.. (x, I), w(x, I) and M,,(x, I) are the boundary conditions

specified at the shell edges. In addition, the following two transformed relaxation functions are
defined:

- E - - (7)
C • 1 2-2' D • siiC.-SJl

With (7), tbe transformed stress-displacement relations (4) can be inverted to yield

N. =h r' C(I _ 1') [a
2
u(x, .,)+ h

2
a
2
t/!(x, T')] d., +.!! r' D(I -1") 8w(x, .,) dl", (8)

10- a.,ax 12a clT'ax a .10- a.,

and the remaining stress resultants can be treated similarly.

Allernale slalemenl of general problem
The general problem can be formulated equivalently by introducing the initial conditions as

surface forces, yielding

aN.. [d8(1). ] ph3 [. d8(1) . ] a
2
u ph3 a2",

a;+ph u0""dt+Uo8(t) +12a t/!oT+I/!o8(') =phar+12a ar+pH(I),

av" N, [d8(1). ] a
2
w---+ ph wo-

d
-+ wo8(l) =ph~+ qH(I),

ax a I al

8M.. _ V +ph3 [(1/10 +UO) d8(1) +(~+ ';0) 8(1)] =ph3 (82",+.!. 8
2
11) +mH(l)

ax .. 12 a dl a 12 ijif a ar '

(9)

for O<x<L and -00<1<00, where 8(1) is the Dirac delta function and H(t) is the
Heaviside function;

N h[[
au(x,I-S) h2 at/!(x,I-S)]dC(S)d hi'" ( )dD(s)d

.. = + -- s+- Wx,l-s -- s,
- ax 12a ax ds a 0- ds

l.T hi'" ( )dC(s)d hi"'au(x,'-S)dD(S)d
n8 = - W x, I - S -- S + s,

a 0- ds 0- ax ds (10)

M.. = h
3
i'" [at/!(x, I - s) +.!. au(x, I - S)] dC(s) ds,

12 0- ax a ax ds

V = hi'" [aw(x, 1- s) ,1,( _)] dG(s) d
.. K +." x, I S d s,

0- ax s
55 Vol. 13, No. 10-8
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for O<x<L and -<Xl<I<oo, with u(X,/)= w(x,/)=f/I(X,t)-O for O<x<L and 1<0, and
Nx(x, I), w(x, I) and Mx(x, I) given at x = 0 and x = L for t > o.

To simplify the analysis, the shell displacements u, w, f/I are defined to be the components
Ui, j = I, 2, 3, of a displacement vector U, such that

Operators Lij, j,j =1, 2, 3 are also defined as

L - ph a
2

( ••• ) hi" a
2
( •••) ( ) dC(s) d

11- 7"- 0- -a;r x,t-s~ a,

L
I2

=_.!!. i" a(.. .) (x, t - s) dD(a) ds,
A o. ax ds

L
ph3a2(•.. ) h

3 [a2
(x ..)( )dC(s)d

13=--:;:r-- --::r- x,t-s - a,
12a at 12a 0- ax da

L ph
a2

( ...) hr a1...)( )dG(a) d h r"()( ) dC(a) d
22'= --::r-- IC -::r x,t-s -d- s+- ... x,t-s -d S,

at - ax s a s

ra(...) dG(s)
Ln == - ICh --(x, t - s)-ds,- ax da

L32= -Ln,

L ph3 a2
(•••) h

3[a2
( • ••) ( ) dC(s) d hi()( )dG(s) d

33=-12-;:r-12 -::r x,t-a -d S+IC ... X,t-s -d a.ut 0- ax s - a

(11)

(12)

Let N,,(U) denote N" evaluated with diIpIIcements U" j == I, 2, 3 in eqn (10), and let the
remainiq stress resultants be simiJlrJy denoted. Then, adoptiaa the iadiciI1 DOtaDoD and
indicatins summation from I to 3 by repeated indices, it follows that

Ci3)

In a manner entirely anaJoaous to that foUowed in [4], one can define operators L: which are
the formal adjoint! of 4. For example,

L* - ph a
2
(...) h[ a

2
(...) ( ) dC(s) d

II - --::r-- -::r x, t +s -- a.
at 0- ax ds

(14)

Symbolically, the only difference between the 4 operator and its formal adjoint L; is that the
t - s argument in L,j becomes t + s in L:. Next, define stress resultant "adjoints" by

N:(U) = hi" [au(x, t+ s)+~ a.;(x, t+ s)] dC(s) ds
0- ax 12a ax ds

hi" dD(s)+- w(x,t+s)-d-ds, etc;
a 0- s

(5)
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the difference between the starred and unstarred quantities is the same as for the LIJ and LZ
operators. Let N:(W) denote N: evaluated with displacement vector components \¥I, and
denote the remaining stress resultant adjoints similarly, Then, it follows that

(16)

A suitable form of Green's theorem will be needed for the 1..;j operator as applied to the
finite two-dimensional region 0 < x < L, 0 < t < T, where T is a large positive number which, as
will be seen later, disappears in the final analysis. For this purpose, assume displacements
Ui(X, t) -0 for t < 0 and \¥I(x, t) - 0 for t> T; then

iTdTiLdx(W;LiJ[lj- UiL: "'i) =iTdt[UtN:(W)- WtNx(U)+ U2V;(W)- W2Vx(U)

+ u3M:(W)- W3Mx(U)]lr

hiL
dx[W (aul+.!!:...{Ju3)_u (awl+.!!:...aW3)

+ 0 P I at 12a at I at 120 at

+ W3 aU2 _ U2 aW2+h
2

W3(aU3 +!. aUt)
at at 12 at a at

(17)

3. SOLUTION TO THE GENERAL PROBLEM

Causal Green's junction
Define the causal Green's function, Gt (x, tlXo, to) for the region 0 < x < L, as the solution to

the following boundary value problem:

Li/}{(x. tlXo, to) =&'(x - xo)8{t - to),

for O<x,xo< Land -00< t, to<oo;

G{(x, tlxo, to) - 0,

for t<to and o<x, Xo<L;

(18)

(19)

G{=O, Mx{G')=O (20)

at x =0 and x = L. The last set of relations constitutes the homogeneous form of the boundary
conditions specified for the general problem.

Above, the index T takes on the values I, 2 and 3, 8[(x) =0 when i~ T, and &'(x) =8{x)
when i =T. The function Sex) is the one-dimensional Dirac delta function. Physically,
Gt(x, tlXo, to) is the ith displacement component, at x and t, due to a unit concentrated surface
force applied in the direction of the rth displacement component, at Xo and to.

It will be shown that the general problem defined by eqns (9) and (10) can be solved in terms
of Gr. For this purpose, Green's theorem in the form of eqn (17) will be used with U as the
solution of these equations, and Wan appropriate Green's function. Since the Green's function
for the operator L: will be needed and since this function will have to vanish for t = T, one is
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led to consider the adjoint problem

S. F. FELSZEOHY et al.

• - $ I $Lij Gj (x, t Xo, to) = 8, (x - xo)8 (t - to),

for O<x, xo<L and -oo<t, to <00;

at(x, tlxo, to) • 0,

for t> to and O<x, Xo< L;

(21)

(22)

(23)

at x .. 0 and x =L. Equations (23) are the adjoint boundary conditions of the aeMnl problem.
By leUiDa \v,'" ot (x, tlXo, to) and U/ ... Gt (x, tlx2' t2) in cqn (17) and ...... (0, T) by

(Tit Tv. where T1 < to. t2 < T2. one can show that

- $ _I , ,_IG, (Xl. tZlXo, to) =G. (Xo. tOlX2. tz).

Droppiq the "two" subscripts in (24) gives

a/(x. tl.to. to) .. Go'(.to. toIx, t).

(24)

(25)

Anotber useful result follows from eqna (lSH20) by makina the cbanae of variables t' = t - to.
namely

Gt(x, tl.to. tel .. Gt(x. t - t~xo. 0). (26)

GIIIUGI lolution
Assume T> to, let U/ be the solution of cqns (9) and (10), \v, = at(x. tlXo, to) .. G:(Xo, toIx. t)

and apply cqn (17). Then. by using the fact that aa/lite .. - iG/lit and by makina several
cbanaes of variables as described in more detail in (4]. one obtains

U,(x, t) .. - f d.,.LL df(P(I."') G/(x. t - ""I. 0) +q(f• .,.) G,2(x, t - .,.If.O)

+m(f, 1')G/(x, t -1'If. 0)] +f d.,.{N,,(f, 'f')G/(x, t -1'lf. 0)

_ h (I:. )L'-" [iG,2(X, t - ""~. s) G 3( _ II:. )] dG(I) ds
I( W 'Ii. 'f' I:. +, x, t 'T",. S d- a.. I

}II-L LL {[ h
2
.]+M,,(~, 1')G,3(X, t - 1'11. 0) 1-0 +h dtP(1) IioW + l2a ~W G/(x, tll,O)

+[ Uo(f) + 1~: ~(f)] dG,1(:,/'1. 0)+ wo(f)G,2(X, tit, 0) + woW dG,2(~/If. 0)

+~~ [ ,;,.U)+; Uo(l)] G/(x, tlf. 0) +~~ [ t/IoW +; uo(f)] dG/(~/II, 0) J. (27)

CalclllGtillg the cGlUal Green'I function
Consider the "free vibration" problem,

(28)
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for 0 < x < L and I> 0; NJC, N.. MJC and Vr are given by expressions such as (8) with initial
conditions

u(x, 0) =0,

:: (x, 0) =lio(x),

W(x,O) =0,

aw (x, 0) = wo(x),
al

",(x,O)=O;

a", .at (x, 0) = I/Jo(x) (29)

for 0 < x < L, and boundary conditions

w(x, I) =0, M,,(x, 1)=0 (30)

at x =0 and x =L, for I > O.
The solutions of the differential equations will be sought in the form of products of

functions of space and time. These separable solutions will be required to satisfy the boundary
conditions but not necessarily all the initial conditions. By superposition, all the initial
conditions will be satisfied later as weD. Let

{

u(x, I)} {XI(X)}
w(x, I) = Xix) T(/)

"'(x, I) X3(X)
(31)

be a separable solution satisfying the boundary conditions; upon substituting eqn (31) in the
differential equations, one finds that the equations can be separated if

A(/) + ,.,,(/) =K,.,,(/), (32)

where K is a constant. This relation implies that Poisson's ratio, l'(/) = v is a constant. With
this hypothesis, oBC obtains through the usual separation of variables argument that

where prime denotes differentiation. Further, the boundary conditions become

(33)

and also

X;(O) = X;(L) = 0, X2(0) =XiL) =0, ~(6) =~(L)=0 (34)

(35)

where tl}2 is a separation constant. The eigenvalue problem defined by eqns (33) and (34) is
precisely that for an elastic cylindrical sheD having a Poisson's ratio v. Hence, one can conclude
when the sheD length is finite that there is a denumerable sequence of distinct and positive
eigenvalues, or natural frequencies,

which are listed in increasing order. The corresponding eigenfunctions

4»/(x), 4»?(x), ... , . 4»;"(x), ...
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can be chosen to form a complete orthonormal set satisfying

By taking the Laplace transform of eqn (35), one obtains for each "'"

-- 2 2- "'"sETtI =- Cd(-;')[s T(tI) - ST(tI) (0) - 1(tI)(O)). (37)

Repeated indices that are not to be summed are placed with parentheses. Setting T..(O) =0, then
ctl")T(..) satisfiestbe dilerential equations. the boundary conditions and the first three of the
initial conditions (29). Leaving aside any questions regarding converpnc and term-by-term
differentiability. the same is true for

~ ct II ar-I [ totO) ]
~ 10£ - 2 -2 •
II_I sE + s "'"

where the r:.(O) are constants which are to be adjusted so as to satisfy the last three of the
initial conditions (29),

(38)

This equation will hold if and only if

Thus. the formal solution of eqns (28H30) is

For the causal Green's function Gr (x. tlXo. 0), the differential equations, initial and
boundary conditions are identical to those of the "free vibration" problem above. except that
for the Green's function Gi', the initial velocities are

. ( )_ a8(x-Xo)"0 x - h7. •
ph(a--)

12a

wo(x)=O, .i.../) a(x - Xo)
'l'U\X = h7. ;

ph(--a)
12a

(41)

for G2', the initial velocities are

lio(x) =0, wo(x) =8(Xp~ XO), tMx) =0,

and for G{, the initial velocities are

(42)
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Ith component of Y, by employing the mth approximations of the already computed q
componts (q < l) of Y,. Thus

(15)

where L, and U, are the lower and upper triangular matrices of E" respectively. For y/O
) we

employ the values of Y, in the previous time step n - I.
In order to show that the iterative process (15) converges, we employ theorem (3.4) in

Varga [l0], which asserts that if the matrices 1- E, are irreducibly diagonally dominant then the
iterative procedure (15) for the equations (I - E,) Y, = F, are convergent for any initial vectors
y,c0l.

The matrices 1-E, are indeed irreducible since it can be verified by examining the location
of the elements (13) in E, that their directed graphs[lO] are strongly connected. This property
expresses the fact that in each one of the system of matrix eqns (11), the equations are coupled
and it is not possible to reduce any system to the solution of a lower order matrix equation.

It remains to show that the matrices 1-E, are diagonally dominant, i.e.

~ I(B,)/.ml:s 1 I = 1,2, ...
m

(16)

with strict inequality for at least one I. Referring to the typical rows of E, given by (13), we
obtain the following inequalities

E =Ay/2Ax :s 1 for Ay:s 2Ax,

2E =Ay/Ax :s I for Ay:s Ax,

2EI81 = (Ay/Ax)/A!(A + 2~)1 =(Ay/Ax)A!(A +2#£) < 1. (17)

In the last inequality, we have utilized the inequalities A+21J.13 > 0, #£ > 0 for the positive
definiteness of the strain energy of an isotropic material, and also the relation ,\ > 0 for real
materials. Consequently, the matrices 1-E, are diagonally dominant for Ay :s Ax with strict
inequality in (16) for at least one I. Hence the iterative procedure (15) is convergent.

Having computed all the displacements at the boundary y =0 of the half-space, we can
calculate the stresses within the assumed contact region and verify that the previous two
requirements for the dynamic contact problem are satisfied. If the answer is affirmative, we
deduce that the correct solution at time t =nAt has been obtained so that we can proceed to the
next time step t = (n + I)Ai. In the case of a negative answer, we modify the assumed contact
point io by passing to a neighboring point and repeat the process by imposing again the
boundary conditions (9), (10) with the new value of ioand solving the resulting equations for the
displacements on the boundary. This iterative process is continued until all the requirements as
well as the boundary conditions are satisfied simultaneously yielding the correct contact region.
The boundary conditions (3), (4) for a perfect adhesion are treated similarly.

APPLICATIONS

In the following we apply the proposed method of solution to the problem of indentation of a
half-space by a wedge-shaped punch and parabolic punch. In some situations analytical
solutions are known which can be employed in order to assess the accuracy and reliability of
the numerical method. All the results presented in tbis paper were obtained with the spatial
increments Ax =Ay =d/50, where d is a reference measure of length and the time increment
c.At/d =0.01.

(I) Smooth indentation by a wedge at a uniform speed
Consider a rigid wedgt-shaped die which indent the half-space at a given constant speed V. It

is assumed that the indentation is smooth so that the boundary conditions are given by (2), (3)
with (5) and p(t) =Vr.

By employing the self-similar method of solution, Robinson and Thompson[2], obtained an
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p(x, 1)= m(x, 1)=0, for O<x<L and 1>0;

q(x,I)=qoH(vl-X), for O<x<L and O<I<Uv;

q(X,I)=qo, for O<x<L and UvSI.

Substitution of conditions (46)-(50) into (45) yields the Laplace transformed solution

_ .. LL e-"D~"'(f)df '"
U,(x, s) = - qo~ 2 - 2 ~, (x).

",-I s(s-., E+ s )

(48)

(49)

(50)

(51)

In order to invert (51), it is necessary to specify E(I). For this purpose, it is assumed that

(52)

where E.. Eo and I I are constants. This representation of the relaxation function is known as
a standard linear solid. The I multiplied Laplace transform of (52) is

E.
-+Eos

r; 11
sr,(s) = 1

s+­
II

Let the cubic polynomial P,,(s) be deftDed by

and write it in factored form as

1

P,,(s) = IT (s - tit... )
i-I

where a,.,. are the complex roots of (54). Usina (55), the solution can be inverted to yield

1
.. 1 Qt".+t

U,(x,t)=-qo~ ~ 3 I

,,-1 ttl lim [n (S - QJ,,,)/(S - Qt.,,)]
,-.. i-I

(53)

(54)

(55)

Before numerical results can be obtained from (56) it is necessary to solve the eilenvalue
problem defined by eqns (33) and (34). To this end, assume as prospective solutions of (33) the
functions

XI =Acos m",x/L, X2 =B sin mTrx/L, Xl =C cos mTrx/L, m =0,1,2, ... , (57)

where A, B, C are constants. It will be observed that the assumed solutions satisfy the
boundary conditions (34). Substitution of eqns (57) into (33) gives three linear homogeneous
equations in the three unknown constants A, B and C. For a nontrivial solution of these
equations to exist, the determinant of the matrix formed by the coefficients of A, B and C must
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vanish. This leads to the characteristic equation

where the following nondimensional parameters have been introduced:

889

(58)

L
1=-,

a
n =(I)Q y'(P(1 - vi). (59)

For each value of m, (58) gives three distinct positive roots (eigenvalues) for 0 2
• The

eigenvalues corresponding to all m <i!: I can be arransed in an increasins sequence and labelled
with the single index n so that

ol<nl<··. <011
2 < .... (60)

The eigenvalues given by (58) for m = 0 are left out in (60) because the corresponding
ejsenfunctions have zero radial displacement components and so do not contribute to the series
solution, eqn (56). It should be noted that the ordering of the eigenvalues in (60) makes the
harmonic number m a function of the index n.

For every n, the three linear homogeneous equations in A, B and C provide the three
constants

BII = I,

mftl(a2v + 'Yi
CII == - aa2(a'1- 1)(0,,212_ m217'2)+ 'Y2th

m17'vl 2
AII=-O't'1. '1. 'i.-aaCII'

" -m 17'

(61)

where BII was arbitrarily set equal to one. The above constants in conjunction with assumed
solutions (57) yield the following orthonormal eigenfunctions satisfying (36):

..... " mftx
"t"1 ::: a,. COST'

..... II b • m17'X
"t"2 ::: "SlOT'

..... 11 m1l"x
"t"3 ==cllcosT (62)

where

and

a,. =AJy'1),., bll == B,Jy'1),., CII == CJy'1),. •

The step remaining is the evaluation of the double integral in (56). For 0 s t < Uv, the double
integral gives

LL <I>2"U) r' H(V'f'-f) ell..,.(I-~)d.,.d~=- (~)[ I 2l{l::... (I-COS!!!!!!!!')
o Jo au I +G:::) Jm1f L

2
V • m1TVt m1TV a.f }+-sm--+-;-:r(l-e--."o) ,

ak,1I L Lak,1I
(63)
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(~2"W (H(V1'-~)eGk .•(I-·)dTd~=-(~)[ 1 z]{~[l-(-l)'"J
Jo Jo 1Jic." 1+(~) m1l'

Lat."
2 2

+~(l-eGt..I)+~( -1)'"[eGt..('-<UV»-IJ}, (64)
Lat." Lak,n

where m, as will be recaUed, is a function of n. Thus, the complete solution to the viscoelastic
shell problem posed above is liven by eqn (56), in conjunction with (63) and (64).

It is now an easy matter to formulate the solutions to the same problem employin. simpler
shell theories. AD that is required is to find the appropriate eiBenvalues and eiBenfunctions to be
used in expressions such u (54) and (56). For instance, if shear deformaDon and rotatory inertia
are nesIected in (I) and (8) then the shell equations correspond to the equations commonly
referred to as Love's first approximation, the viscoelastic form of which are

(65)

iJ~--v =0iJx .. ,

with

and with the boundary conditions:

w(O, t) = N,,(O, t) ... M,,(O, t) :::I 0,

w(L, t) =N..(L, t) =M..(L, t) =O.

The separation of variables arBUment yields the characteristic equation

and the orthonormll1 eiBenfunctions,

.... II m1J'X

....1 =n_cos-
- L'

.... II b . m1l'x
'l'2 = "SlOT'

where

(66)

(67)

(68)

(69)

B" = I,
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phL 2 2
D" = T (An +Bn ).

891

If bending is also neglected, then the shell equations correspond to the membrane equations,
the viscoelastic form of which are

aN,,_ ha2u
ax -p ar'
N, a2w

--; = phar-+ q,

with N. and N, identical to the expressions in (66); the boundary conditions are

N.(O, t) = N,,(L, t) = O.

The separation of variables argument leads to the characteristic equation

(
m22) m2

1T
2

4 2 1T 20-0 1+7 +7(l-p)=0

(70)

(71)

(72)

and the formulae for the orthonormal eigenfunctions are the same as eqns (69).
Calculated results in dimensionless form are presented that show the character of the shell

motion over a wide range of load speeds and the extent of agreement of the various shell
models. The governing equations can be put in dimensionless form if the variables having
dimensions of length, namely, U, wand x, are divided by the shell radius a, time t is divided by
radius over plate velocity a/cp, where Cp - V(Eo![p(l- p

2
)]), and the stress resultants such as

N" are divided by Eoh/(l- Jl2); further, let

x
f--,

a
v

V--.
Cp

(73)

The results are based on a specific shell configuration with properties p = 0.3, /- Ua = 10,
hla =0.1, E,JEo =0.7, cptJ/a =100 and subject to a dimensionless pressure, qoa(l- Jl2)/(Eoh) =
-0.00091.

The radial motions predicted at f =5.2 by the three shell models are shown in Figs. 2 and 3.
The significance of the load speeds is related to the velocity of propagation of harmonic waves
in infinitely long elastic shells with a Young's modulus Eo, but otherwise the same physical and
geometric properties as the viscoelastic tube. The normalized velocity of propagation of such
harmonic waves can be obtained for the most exact shell model from (58) and for the simpler
models from (68) and (72) upon substituting

~=1
/ J, 0= Vi (74)

where dimensionless phase velocity Y and wave number / correspond to the dimensionless
harmonic wave phase, / (YT - f). With the assumed shell properties, one obtains the dispersion
curves shown in Fig. 4. The most exact shell model yields three modes of propagating harmonic
waves for a fixed wave number. The dispersion curves for two of the three modes begin at an
infinitely large phase velocity, when the wave number is zero, and then drop asymptotically to
Yp =1, the dimsionless plate velocity, as the wave number approaches infinity. The dispersion
curve for the remaining mode starts at Yo =v(l- Jl2), the dimensionless bar velocity, and with
increasing wave number, it drops to a minimum phase velocity Ymin -V(2a(l- p2)JI2), and then
rises asymptotically to the modified shear velocity~ Y. = 'Y = V«IC(l- p)/2) as the wave number
goes to infinity. Load speeds equal to Ymin and Yo are of particular interest for the most exact
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shell model because at these speeds the transient response of simply-supported, semi-iDinite,
elastic sheDs becomes unbounded as shown in [to}. The simpler sheD models have dispersion
curves with only two branches. The upper branches are in excellent aareement with the most
exact model; the lower branches aaree at 10111 waveleDlths but ditfer greatly from each other
and the most exact model in the short waveleqth reaion.

The responses in FIp. 2 and 3 were calculated by truncatina the eipl1funttion series (56) for
aU three model, at 100 terms when V" 9.. and 200 terms when v... 9'... The adequacy of this
repretelltation can be deduced frOID the diapersion curves as follows. Conespondiaa to each
eiaenvalue 0 ... one can find from (14) a pair of values which wiD be called 9. and /.. H these
values are plotted for the first twenty eipavalues on top of the dispersion curves, say for the
most exact sheD model, one sets the points shown in Fig. 4. It can be demoutrated that the
most sipificant contribution in the eipnfunction series comes from the low frequency terms
for which the ratio V/9,. is nearest to 1. It is clear from F"II. 4 that when the eiaenfunc:tion
series is truncated beyond 20 terms, the dominant terms in the series are accounted for, at least
in the cases of the most exact shell model and Love's model. Beyond the dominant terms, the
absolute values of the Fourier coefficients in the displacement series solutions for these two
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Fig. 3. Dimensionless radial displacement w(1l vs dimensionless time at station t'"' 5.2. for pressure front
speeds V> Vr Now: (-), With shear deformation (Ie '"' 516) and rotatory inertia; (------), Love theory;
(----), Membrllle theory; "'"' 0.3, Ull '"' 10, hill '"' OJ, EJEo '"' 0.7, c,t,11l '"' 100, qotl(l- ,,~/(EoII) '"'

-0.00091.

models go to zero at least as the inverse of the square of the harmonic numbers; thus, the series
converge absolutely and uniformly. By summing the stated number of terms, an accuracy of
better than five decimals was achieved.

The membrane model requires special consideration because the lower branch of its
dispersion curves approaches asymptotically the zero phase velocity line as the wave number
goes to infinity. This property manifests itself also in the arrangement of the eigenvalues fi.. by
causing an infinite number of them to form, strarting with the lowest one, a strictly increasing
sequence that converges to the finite limit point y(l- Jl). As a result, the eigenfunction series
as constructed in (56) does not converge to the solution of the membrane problem because the
series excludes the eigenfunctions whose eigenvalues belong to the upper branch of the
dispersion diagram; instead, these terms must be added separately. In the calculations, the total
number of eigenvalues considered was arbitrarily split equally between the two branches. The
absolute values of the Fourier coefficients associated with the eigenvalues belonging to the
upper dispersion curve go to zero at least as the inverse of the square of the harmonic numbers;
those associated with the lower branch go at least as the inverse. By summing the stated
number of terms in the displacement series, an accuracy of only five decimals was achieved.
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From Fils. 2 and 3. it is seen that all three sheD models predict small radial motions before
the anival of the pressure front at t =5.2. Followina passage of the front, the three models
predict oscillatory radial motion at load speeds V> V.... At speeds V < V.... the most exact
and Love models predict a nearly static response while the membrane model predicts larae
oscillations. Until disturbances initiated from the far end of the sheD anive at t =5.2, the
oscillations can be characterized at load speeds V other than V.. "as steady-state harmonic
waves propaptiq with phase velocity V and wavelenatb 2.",/.. correspondina to VI V.. :OIl 1. The
foreaoing is true also at V.. VIIIia but only for the membrane shell. The most exact and Love
models by contrast predict oscillations at this speed that deCay immediately behind the pressure
front. This results from the fact that the radial disturbances geaented have a group velocity
nearly equal to V... and so do not spread as npidly behind the pressure front as at other load
speeds. Since the static responses show little creep and since the laraest oscillation amplitudes
do not decrease appreciably with time. the response can be said to be nearly elastic at aU load
speeds. At load speeds Vo and V.... critical for semi-infinite elastic sheDs. no extraordinarily
tarae radial displacements occur.

From the above results and from the relation of the dominaat term in the series solutions to
the dispersion curves, it follows that at load speeds Viit V" the responses of aU·three models
are virtually the same. Thus, at these load speeds, the movina load problem can, for aU practical
purposes, be studied with the membnne theory alone. At Vmin < V < V" there are sipiftcant
differences between the responses of aU three models and, therefore. at these speeds, it is
necessary to account for shear deformation and rotatory inertia. At speeds V < V_, the Love
and most exact models agree, and hence, at such low load speeds the Love model is su8icient
for analyzing the movina load problem. It should perhaps be remarked that the foreJC)ing
observations were for a nearly elastic sheD. It was found that the acceptability of the membnne
model improves at load speeds V < V, with increasinl material dissipation.

Acbo""""IIIl-The conteats of this paper constituted a put of the first autIIor's Ph.D. diuertation at the University
of Califcnia, Berkeley, where he held a Huabes Doctoral FeIIowIhip.
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